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fields it is possible to add a sum of cosmological terms to the free 
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1 Introduction 



Tensor fields in "exotic" representations of the Lorentz group, characterized 
by a mixed Young symmetry type [H [21 El IH El [7], held the attention 
lately on some important issues, like the dual formulation of field theories 
of spin two or higher [8j [9J QUI EEU [El [El Ej, the impossibility of con- 
sistent cross- interactions in the dual formulation of linearized gravity [15J, 
a Lagrangian first-order approach [T6l [T7] to some classes of massless or 
partially massive mixed symmetry type tensor gauge fields, suggestively re- 
sembling to the tetrad formalism of General Relativity, or the derivation 
of some exotic gravitational interactions [T81 [T9] . An important matter 
related to mixed symmetry type tensor fields is the study of their consis- 
tent interactions, among themselves as well as with higher-spin gauge theo- 
ries [201 [2H [221 [231 [2H [251 ESI ETl [28]. The most efficient approach to this 
problem is the cohomological one, based on the deformation of the solution 
to the master equation [29|. 

The purpose of this paper is to investigate the consistent selfinteractions 
in a collection of massless tensor gauge fields with the mixed symmetry of a 
two-column Young diagram of the type (3, 1), and respectively a collection 
of massless tensor gauge fields with the mixed symmetry (2, 2). It is worth 
mentioning the duality of a free massless tensor gauge field with the mixed 
symmetry (3, 1) to the Pauli-Fierz theory in D = 6 dimensions and, in this 
respect, some developments concerning the dual formulations of linearized 
gravity from the perspective of M-theory [301 ED E2J. Our analysis relies 
on the deformation of the solution to the master equation by means of co- 
homological techniques with the help of the local BRST cohomology, whose 
component in a single (3, 1) sector has been reported in detail in [33], while 
in a single (2, 2) sector has been considered in [MJ ES]. Under the hypothe- 
ses of analyticity in the coupling constant, locality, Lorentz covariance, and 
Poincare invariance of the deformations, combined with the preservation of 
the number of derivatives on each field, we find that no selfinteractions that 
deform the original gauge transformations emerge. In the case of the collec- 
tion of (2, 2) tensor fields it is possible to add a sum of cosmological terms 
to the free Lagrangian. 
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2 Brief review of the deformation procedure 



There are three main types of consistent interactions that can be added to a 
given gauge theory: (i) the first type deforms only the Lagrangian action, but 
not its gauge transformations, (ii) the second kind modifies both the action 
and its transformations, but not the gauge algebra, and (Hi) the third, and 
certainly most interesting category, changes everything, namely, the action, 
its gauge symmetries and the accompanying algebra. 

The reformulation of the problem of consistent deformations of a given 
action and of its gauge symmetries in the antifield-BRST setting is based on 
the observation that if a deformation of the classical theory can be consis- 
tently constructed, then the solution S to the master equation for the initial 
theory can be deformed into the solution S to the master equation for the 
interacting theory 

S — -> S = S + gS 1 + g 2 S 2 + g 3 S 3 + g A S^ + --- , (1) 
(S,S) = — ► {S,S)= 0. (2) 

The projection of (jSJ) for S on the various powers of the coupling constant 
induces the following tower of equations: 

9° : (S,S) = 0, (3) 
g 1 : (S u S) = 0, (4) 

g 2 : (S 2 ,S) + ±(Si,S 1 ) = 0, (5) 

g 3 : (S 3 ,S) + (S u S 2 )=0, (6) 

g 4 : (S A ,S) + (S l ,S 3 ) + ±(S 2 ,S 2 ) = Q, (7) 



The first equation is satisfied by hypothesis. The second one governs the first- 
order deformation of the solution to the master equation, Si, and it expresses 
the fact that Si is a BRST co-cycle, sSi = 0, and hence it exists and is local. 
The remaining equations are responsible for the higher-order deformations 
of the solution to the master equation. No obstructions arise in finding 
solutions to them as long as no further restrictions, such as spatiotemporal 
locality, are imposed. Obviously, only non-trivial first-order deformations 
should be considered, since trivial ones (Si = sB) lead to trivial deformations 
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of the initial theory, and can be eliminated by convenient redefinitions of 
the fields. Ignoring the trivial deformations, it follows that Si is a non- 
trivial BRST-observable, Si G H° (s) (where H° (s) denotes the cohomology 
space of the BRST differential in ghost number zero). Once the deformation 
equations (dlj-([7j), etc.) have been solved by means of specific cohomological 
techniques, from the consistent non-trivial deformed solution to the master 
equation one can extract all the information on the gauge structure of the 
resulting interacting theory. 

3 Selfinteractions for a collection of massless 
tensor fields with the mixed symmetry (3, 1) 

3.1 Free model: Lagrangian formulation and BRST 
symmetry 

The starting point is given by the Lagrangian action for a collection of free, 
massless tensor fields with the mixed symmetry (3, 1) 
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(dxO + (d p t p j:)(dHl)\\d D x, (8) 

in a Minkowski space-time of dimension D > 5. Everywhere in this paper 
we employ the flat Minkowski metric of 'mostly plus' signature a^ v = o^ v = 
( — !- + + + •••)• The uppercase indices A, B, etc. stand for the collection 
indices and are assumed to take discrete values 1, 2, . . ., N. They are lowered 
with a symmetric, constant, and invertible matrix, of elements (cab, and are 
raised with the help of the elements k AB of its inverse. Each field tf^i is 
completely antisymmetric in its first three (Lorentz) indices and satisfies the 
identity t£ v ^ = 0. Here and in the sequel the notation [A---a] signifies 
complete antisymmetry with respect to the (Lorentz) indices between brack- 
ets, with the conventions that the minimum number of terms is always used 
and the result is never divided by the number of terms. The notation 
from (|SD signifies the trace of t^ v <, defined by = o va t^^ a . The trace 
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components define an antisymmetric tensor, t x = —t^ x . A generating set of 
gauge transformations for action (jSJ) can be chosen of the form 

= -3d [A <L] + ^ {x e A ^ ]a + d [x x A M \ a , (9) 

where the gauge parameters e x are completely antisymmetric, and the 
gauge parameters X^ v \ a ( a l so bosonic) define a collection of tensor fields with 
the mixed symmetry (2, 1). It can be shown [33J that the generating set (Q is 
off-shell reducible of order two and the associated gauge algebra is Abelian. 
Consequently, the Cauchy order of this linear gauge theory is equal to four. 

The most general quantities, invariant under the gauge transformations 
(J2D, are given by the components of the curvature tensors associated with 
each field from the collection 

together with their space-time derivatives. It is easy to check that they 
display the mixed symmetry (4, 2). 

The construction of the BRST symmetry for the free model under study 
debuts with the identification of the algebra on which the BRST differential 
s acts. The ghost spectrum comprises the fermionic ghosts j^^, re- 
spectively associated with the gauge parameters lef/ii/) from (jUJ), the 

bosonic ghosts for ghosts \C A , G^ a } due to the first-order reducibility, and 
the fermionic ghosts for ghosts for ghosts C A corresponding to the maximum 
reducibility order (two). We ask that r) x and Cfi v are completely antisym- 
metric, Q^ v \ a exhibit the mixed symmetry (2, 1), and G^ a are symmetric. The 

antifield spectrum comprises the antifields t*^^ associated with the original 

fields and those corresponding to the ghosts, hf^ 1 ' , Q*^ a ^-, {C^ u ,G* A ua }, 

and C*/. 

Since both the gauge generators and reducibility functions for this model 
are field-independent, it follows that the BRST differential s simply reduces 
to s = 5 + 7, where 5 represents the Koszul-Tate differential, graded by the 
antighost number agh (agh (5) = — 1), and 7 stands for the exterior longitudi- 
nal differential, whose degree is named pure ghost number pgh (pgh (7) = 1). 
These two degrees do not interfere (agh (7) = 0, pgh (5) = 0). The overall 
degree that grades the BRST complex is known as the ghost number (gh) 
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and is denned like the difference between the pure ghost number and the 
antighost number, such that gh (s) = gh (5) = gh (7) = 1. According to 
the standard rules of the BRST method, the corresponding degrees of the 
generators from the BRST complex are valued like 

pgh (CJ = 0, P gh «J = pgh (g^ a ) = 1, 
pgh (C* ) = pgh (Gt) = 2, 

pgh (tfH a ) = pgh (^) = pgh [gt la ) = pgh (cr ) = pgh (err ) = o, 

agh (t£ H J = agh ( V ^) = agh (Q^ a ) = agh (c£) = agh (Gt) = 0, 
agh (t^ a ) = 1, agh (r^) = agh ($*H a ) = 2, 
agh(C*H=agh(Gr) = 3. 

The Koszul-Tate differential is imposed to realize a homological resolution 
of the algebra of smooth functions defined on the stationary surface of field 
equations, while the exterior longitudinal differential is related to the gauge 
symmetries (see relations ([9])) of action ([8]) through its co homology at pure 
ghost number zero computed in the cohomology of S, which is required to be 
the algebra of physical observables for the free model under consideration. 
The actions of 5 and 7 on the generators from the BRST complex, which 
enforce all the above mentioned properties, are given by 

7*AH" = ~ 3d {^a] + 4d [x riU» + 9 [A^H|«> (11) 

lviu = -\d { xC% (12) 

7£v| a = 2 % t Ct] - 3% C$ a + d {ll G* ]a , (13) 
yC* = d^C^ 7 Gi = -3«9 ( ,C^, 7^ = 0, (14) 
jtf" [a = mf™ = 7 C |Q = 1 C T = 1 G T = 7C7 = 0, (15) 

Stf Ha = Tj Ha , 8rf^ v = -Ad a t*^ Ma , (17) 
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sc*/ = (gt - l c r) , (20) 

where T^ a = -8&J6tfa a reads 

+a Q [ A (<9 p (V^ lp|/3 - <9^ lp ) - DC 1 ) . (21) 

By convention, we take 5 and 7 to act like right derivations. We note that 
the action of the Koszul-Tate differential on the antifields with the antighost 
number equal to two and respectively three gains a simpler expression if we 
perform the changes of variables 

y A - *A + ^VA j <^A - ^A - g^A • 

The antifields g'^ iu \ a are still antisymmetric in their first two indices, but do 
not fulfill the identity g'^ u ^ = 0, and G'™ a have no definite symmetry or 
antisymmetry properties. With the help of relations (|T71) - (!20l) . we find that 
5 acts on the transformed antifields through the relations 

sg »rt« = _ 3 A t**H« 5G'X ua = 20^'*^°, SC*/ = 6^G"7" '. (23) 

The same observation is valid with respect to 7 if we make the changes 

G'l^\a = G^u\a + 4^q,, G'y a = G^ a - 3C^ a , (24) 

in terms of which we can write 

7*5hc = -T^A^'/tlaj+^A^Hia, lG'£,\ a = d^G'^, 7^ = -6d u C£ ■ (25) 

Again, G'^\ a are antisymmetric in their first two indices, but do not satisfy 
the identity ^L a i = 0, while G'^ a have no definite symmetry or antisym- 
metry. We have deliberately chosen the same notations for the transformed 
variables (T2~2l and ff24|) since they actually form pairs that are conjugated in 
the antibracket 
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{^r ua , Cr B ) — B U O a . 

The Lagrangian BRST differential admits a canonical action in a structure 
named antibracket and defined by decreeing the fields/ghosts conjugated with 
the corresponding antifields, s- = (-,S), where (, ) signifies the antibracket 
and S denotes the canonical generator of the BRST symmetry. It is a bosonic 
functional of ghost number zero, involving both field/ghost and antifield 
spectra, that obeys the master equation (S, S) = 0. The master equation 
is equivalent with the second-order nilpotency of s, where its solution S 
encodes the entire gauge structure of the associated theory. Taking into 
account formulas (TTTT) (T20|) as well as the standard actions of 5 and 7 in 
canonical form, we find that the complete solution to the master equation 
for the free model under study is given by 

s l = / ^(*A AHQ (3^<, + a [A ^ ]a + a [A ^ ]|a ) 

+CT^Cii - 3GTd(vC A a) ) d D x. (26) 

3.2 Computation of basic cohomologies 

In order to analyze equation (that governs the first-order deformation) 
we make the notation Si = J a t d D x and write this equation in its local form 
and in dual notations, sa* = d^m^. Now, we approach the last equation in a 
standard manner, namely, we develop a* according to the antighost number 
and assume that this expansion contains a finite number of terms, of maxi- 
mum antighost number /. In order to ensure the space-time locality of the 
deformations, from now on we work in the algebra of local differential forms 
with coefficients that are polynomial functions in the fields, ghosts, antifields, 
and their space-time derivatives (algebra of local forms). This means that 
we assume the non-integrated density of the first-order deformation, a*, to 
be a polynomial function in all these variables (algebra of local functions). 

By taking into account the splitting s = 5 + 7 of the BRST differential, 
the equation sa l = d^m^ becomes equivalent to a tower of local equations, 
corresponding to the different decreasing values of the antighost number 

70} = d M m t , (27) 



8 



H + TOj-i = dfm*, (28) 



54 + 74.1 = d^Vl I-l>k>l, (29) 
where I m t I are some local currents, with agh I m t ) = k. It can 



fc=0,J V / 

be proved that we can replace equation (|27|) at strictly positive antighost 
numbers with the homogeneous equation 

ja\ = 0, I > 0. (30) 

The proof can be done like in the Appendix A, Corollary 1, from [33J. In 
conclusion, under the assumption that / > 0, the representative of highest 
antighost number from the non-integrated density of the first-order defor- 
mation can always be taken to be 7-closed, such that equation sa* = d^m^ 
associated with the local form of the first-order deformation equation, is 
completely equivalent to the tower of equations given by ( !30l and (j2~8~l) -(l29 ]) . 

Before proceeding to the analysis of the solutions to the first-order defor- 
mation equation, let us briefly comment on the uniqueness and triviality of 
such solutions. Due to the second-order nilpotency of 7 ( r y 2 = 0), the solu- 
tion to the top equation, (!30|) . is clearly unique up to 7-exact contributions, 
a j — > a\ + 76/. Meanwhile, if a\ reduces to 7-exact terms only, a\ = 76/, 
then it can be made to vanish, a] = 0. In other words, the non-triviality of 
the first-order deformation a* is translated at its highest antighost number 
component into the requirement that a\ e H 1 (7) , where H 1 (7) denotes the 
cohomology of the exterior longitudinal differential 7 in pure ghost number 
equal to / computed in the algebra of local functions. At the same time, the 
general condition on the non-integrated density of the first-order deforma- 
tion to generate an element a t d D x from a non-trivial cohomological class of 
H 0,D (s\d) (the local cohomology of the BRST differential s — where d means 
the exterior space-time differential — in ghost number zero and in maximum 
form degree, computed in the algebra of local forms) shows on the one hand 
that the solution to equation sa l = d^m^ is unique up to s-exact pieces plus 
total derivatives and, on the other hand, that if the general solution to this 
equation is completely trivial, a* = sb + d^n 11 , then it can be made to vanish, 
a* = 0. 

We have seen that the solution to equation fl30l belongs to the coho- 
mology of the exterior longitudinal differential computed in the algebra of 
local functions, such that we need to compute H* (7) in order to construct the 
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component of highest antighost number from the first-order deformation. We 
will see that we also need to compute the characteristic cohomology Hf (S\d) 
(the local cohomology of the Koszul-Tate differential 5 in antighost number 
/ and in maximum form degree, computed in the algebra of local forms with 
the pure ghost number equal to zero). 

Acting like in [33], it is easy to see that H* (7) is generated by the quan- 
tities 

pgh BRST generator non — trivial objects from H* (7) 

*A f)TT*A ( TT*A arT*A 







n* A ,<9n* A ,... r n* A ,<9n* . 



+A a A \ K A r)K A 

l \y,v\ai Ui \fj,v\a' ■ ■ ■ I IV \nv€\aP> u IV \fj,v£\af3 > ' ' ' 

Vxuui ^^IXuvi ■ ■ ■ nzA a „A /oi \ 

G A BG A ^Xiiva — u [A'/ Ml / a ]j > W l ) 

C A dC A 



9 J HV7 {W1 

■ G A dG A 



TO! ^ ^Cf5 



o , aUj, , . . . 

where n* A is a generic notation for all the antifields. So, the most general, 
non-trivial solution to the equation (130]) (up to trivial, 7-exact contributions) 
reads 

4 = aj ( [rr A ] , [Kf^ap] ) • ( 32 ) 

The notation /([?]) means that / depends on q and its derivatives up to 
a finite order, while u 1 denotes the elements of pure ghost number I (and 
antighost number zero) of a basis in the space of polynomials in and 
C A , which is finite dimensional since these variables anticommute. The ob- 
jects a 1 (obviously non-trivial in H° (7)) were taken to have a bounded num- 
ber of derivatives, and therefore they are polynomials in the antifields 0* A , 
in the curvature tensors K^- as well as in their derivatives. They are 
nothing but the invariant polynomials of the theory described by formulas 
(jEl) - © m form degree equal to zero. At zero antighost number, the invariant 
polynomials are polynomials in the curvature tensors and in their 

derivatives. 

Replacing solution (1321) into equation (1281) and taking into account defini- 
tions (|T6|) - (l20|) . we remark that a necessary (but not sufficient) condition for 
the existence of (non-trivial) solutions a t I _ 1 is that the invariant polynomials 
ax generate (non-trivial) objects from the characteristic cohomology Hf (5\d) 
in antighost number I > 0, maximum form degree, and pure ghost number 
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equal to zercQ, aid D x E Hf (S\d). As the free model under study is a linear 
gauge theory of Cauchy order equal to four, the general results from [32] en- 
sure that the entire characteristic cohomology is trivial in antighost numbers 
strictly greater than its Cauchy order 

Hf (5\d) = 0, / > 4. (33) 

Moreover, it is possible to show that the above result remains valid also in 
the algebra of invariant polynomials 

Hf vD (5\d) = 0, / > 4, (34) 

where Hf™ (S\d) is known as the invariant characteristic cohomology. Look- 
ing at the definitions (1231) involving the transformed antifields (1221) . we can 
organize the non-trivial, Poincare-invariant representatives of Hf (S\d) and 
H\ nvD (5\d) (for I>2) like: 

agh Hf (5\d) and H\ nvD (5\d) 
I > 4 

J = 4 tfC%d D x , (35) 

I = 3 fLG7 a d D x 

i = 2 fjLsT la d D * 

where all the coefficients denoted by / define some constant, non-derivative 
tensors. We remark that in [Hf [5\d)) I>2 and [H™ (5\d)) J>2 there is no 
non-trivial element that effectively involves the curvatures K^ u ^ a/3 and/or 
their derivatives, and the same stands for the quantities that are more than 
linear in the antifields and/or depend on their derivatives. In principle, 
one can construct from the above elements in fl35|) other non-trivial invari- 
ant polynomials from Hf (5\d) or Hf™ (S\d), that depend on the space- 
time co-ordinates. For instance, it can be checked by direct computation 
that g'^ iV ^ a ffi uap x p d D x, with f^ uap some completely antisymmetric and con- 
stant tensors, generate non-trivial representatives from both Hf (S\d) and 
Hf™ D (S\d). However, we will discard such candidates as they would break 
the Poincare invariance of the deformations. In contrast to the groups 
[Hf (8\d)) and (iJ} nvD (<5|cf)) />9 , which are finite-dimensional, the coho- 
mology Hf (8\d) at pure ghost number zero, that is related to global symme- 
tries and ordinary conservation laws, is infinite-dimensional since the theory 
is free. 

1 We recall that the local cohomology (S\d) is completely trivial at both strictly 
positive antighost and pure ghost numbers (for instance, see [36j . Theorem 5.4 and |37j). 
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The previous results on Hf (5\d) and H™ (S\d) are important because 
they control the obstructions to removing the antifields from the first-order 
deformation. Indeed, due to (l34"j) . it follows that we can successively eliminate 
all the pieces with I > 4 from the non-integrated density of the first-order 
deformation by adding only trivial terms (the proof is similar to that from 
the Appendix C in [33J), so we can take, without loss of non-trivial objects, 
the condition / < 4 in the first-order deformation. The last representative is 
of the form (132]) . where the invariant polynomials necessarily generate non- 
trivial objects from Hf" D (S\d) if I — 2,3,4 and respectively from (S\d) 

a 1 = 1. 



3.3 Cohomological analysis of selfinteractions 

Assuming 1 = 4, the non-integrated density of the first-order deformation 
becomes 

a* = al + a\ + a\ + a\ + a\, (36) 
with a\ (ja^ = 0) a non-trivial element from H A (7), and hence of the form 



(see 

a\ = [Tt^Ct) , (37) 
and a,±d x a non- trivial object from H\ nvD (5\d). Since the elements of pure 



ghost number equal to four from the basis in the space of polynomials in 

XflK 



and are spanned by the combinations 



CO 



4 . ( -pB (~iC <pB <pD rE \ (^9,) 

Xpvor-' /3 ' A/iva*' Ai/xi^iai*' A2/i2^2«2 A3/i3^3«3 / ' \ / 



with J-'xfiua gi ven m f|3Tl) . and the non-trivial representatives of the space 
H™ D (S\d) are generated by the antifields C* A (see (1351)). we obtain that the 
general form of the last term from the first-order deformation in the case 
1 = 4 reads 



t /~<*A ( rpXfj,vaXifiiviaiX2li2i'2Ct2X3fi3V3a3 spB -pC pD pE 

a 4 ~~ °p \J IABCDE J ~Xnva J ~X 1 mv 1 a 1 J ~X2H2V2a2 J ~X 3 ii3i'3a3 



~rJ2ABC J Xpvo^p J > 

where the coefficients denoted by / are some non- derivative constant tensors. 
The first term from the right-hand side of (1391) (those containing homogeneous 
polynomials of degree four in the ghosts Fxu,va)i even if consistent, would lead 
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to interaction vertices (in the corresponding clq) of order five in the space- 
time derivatives of the fields, which disagrees with the hypothesis on the 
maximum derivative order of the interacting Lagrangian to be equal to two. 
For this reason, we eliminate this term from a\ by setting the associated 
coefficient to be equal to zero 



rpXfii/aXi fii v\ ai A2/i2^2Cr2A3/i3 1/303 



J IABCDE -0' I 40 ) 

such that 

a 4 _ J 2 ABC u p •> Xfiva^p • K^ 1 ) 

The requirements that the deformations are manifestly covariant and Poincare 
invariant, the fact that we work in space-time dimensions D > 5, and 
the complete antisymmetry of T\ * va , provide a single non-trivial candidate, 
namely 

D = Q, f?AB U f = CAB C e pX ^ } (42) 

with cabc some real, arbitrary constants and ^P x t iua ^ the six-dimensional 
Levi-Civita symbol. As a consequence, we obtain 

a\ = c ABC e^C; A Fl va Cl (43) 

If ( l4"3l) is consistent, then it will produce a Lagrangian density at order one 
in the coupling constant, <2q, which breaks the PT invariance. 

We will show that solution fj4*3l is not consistent in antighost number two, 
meaning that it cannot provide a solution a\ to the equation ( l29l) for k = 3. 
In view of this, we compute the remaining components from ( |36j) , which are 
subject to equations for I = 4 

(3)^ (2)^ 

8a\ + 703 = d fl m t , 8a\ + = d il m t , (44) 

(l)'* (o)^ 
8a\ + 7a* = d lx m t , 8a\ + 7^ = <9 M m t . (45) 

Replacing ( 1431) into the former equation from ( 1441) and using the first defini- 
tion from ( 1231) . together with the results 

dpFiu* = tQVmHIp)' ( 46 ) 



= 7(~G£), (47) 
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we find that 

4 = -c AB ce px ^G'* A \ (8 (d x t* uah ) C° + J^Gg) , (48) 



where G^, reads as in (1241) . In order to solve the latter equation from 
we initially compute Sa\ starting with (148]) and using the second definition 
from (|23|) . and then manipulate the resulting expression based on formulas 
(1471) . and the second relation from (1251) . obtaining in the end 



+7 {-c A Bce pX ^Q'* A °-\ (~ (d x t* M[a ) G'% + T^ a Q%\ ? 
-2c ABC e^g'* A ^K^ uaWl C^ (49) 

where Kjf < is precisely the curvature tensor (see (flOl) ) and the trans- 
formed ghosts G'^p are defined in (124"!) . Comparing the latter equation from 
( 1441) with (1491) . we observe that c4 of the form ( 1481) provides a consistent (4 
if and only if 

- 2c ABC e px ^Q'^\ Kl Mai C° = 7 6 2 + djf, (50) 
where 62 and w must fulfill the properties 

agh (6 2 ) = 2 = agh w , pgh (6 2 ) = 2, pgh [w ) = 3. (51) 



The above requirement takes place if and only if 

cabc = 0, (52) 

because the left-hand side of relation (1501) contains only non-trivial elements 
of H 3 (7) with the antighost number equal to two, where the role of invariant 
polynomials is played by 

which implies automatically 62 — 0, and, on the other hand, this expression 
cannot be written in a divergence-like form, such that we must set w = 
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(2) CT 

0. But 6 2 = and w =0 simultaneously in (jSTfl) lead to fl52|) . and in 
consequence to 

4 = 0. (53) 

In conclusion, under the hypothesis that the maximum derivative order of 
the interacting Lagrangian is equal to two, the first-order deformation can 
only stop at antighost numbers / < 3. 
In the case / = 3 we have that 

a 1 = al + a\ + a\ + a\, (54) 
with 703 = 0, such that we can write (see fl3"2|) ) 

a\ = a^(T^C*). (55) 
The consistency of a* at antighost number two (the existence of a\ as solution 

(2)^ 

to the equation 5a\ + 7a!; = <9 M m t ) requires that a^dPx is a non-trivial 
element from H™ D (S\d). Because the elements with the pure ghost number 
equal to three of a basis in the space of polynomials in and are 

spanned by 

and the general, non-trivial representatives of H™ D (5\d) are generated by 
the antifields G'* Aua (see (135} for / = 3), we infer 

a 3 — ^pa UlABCD J \ i iva J ~ \ 1 ii x v x a 1 J ~ \2ii2V2C2 <~ J2AB Ly f3 J 5 \° ' ) 

where the coefficients denoted by / must be some non- derivative, constant 
tensors. The condition that the maximum derivative order of the interacting 
Lagrangian is equal to two imposes the restrictions 

fpaX^ua\ 1 fj,iU 1 a 1 \2^2i'2a2 _ n /ro\ 
JlABCD - U > {°°) 

since otherwise the corresponding interacting term from would be of order 
four in the space-time derivatives of the fields, and hence we get 

4 = f%BG% A Cf. (59) 

Asking now that a\ is a Lorentz covariant and Poincare invariant element 
defined on a space-time of dimension D > 5 leaves us with the trivial solution 

f& = 0, (60) 
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which further implies 

4 = 0. (61) 

In conclusion, the first-order deformation cannot stop in a non-trivial manner 
also at the value I = 3 of the antighost number. 

Next, we pass to the situation where the non- integrated density of the 
first-order deformation stops at antighost number two 

a 1 = 4 + 4 + 4) (62) 

where 74 = 0, and hence, in agreement with (1321) . we have that 

4 = a 2 u 2 (T^ va ) . (63) 

(The ghosts C„ no longer appear in uj 2 since their pure ghost number is equal 
to three, while pgh (u 2 ) = 2). We recall that a necessary condition for the 
existence of (1631) in antighost number one (the existence of a\ as solution 

to the equation 5a\ + 74 = <^ m t ) * s that a.2d D x belongs to H™ D (5\d). 
The elements of pure ghost number equal to two of a basis in the space of 

cA 

.2 . ( n-A n-B 



polynomials in are spanned by 



and the general, non-trivial representatives of H™ D (S\d) are built from the 
antifields g'* A M a (see (I3"3|) for I = 2), such that 

a 2 — JlABC ypa\(3 J ~ \iiva J ~ Ai^i^ioi! \ u0 ) 

where the coefficients denoted by / must be some non-derivative, constant 
tensors. The derivative order hypothesis 4 requires 

since otherwise, if consistent, component (j6"5]) would lead to an with three 
space-time derivatives acting on the fields. Condition further implies 

4 = 0, (67) 

and hence we can take I < 1 in the first-order deformation. The result flBTl) 
emphasizes that the original, Abelian gauge algebra is rigid with respect 
to the deformation procedure (since the existence of non-trivial terms in a\ 



16 



that are simultaneously linear in the antifields with the antighost number 
equal to two and quadratic in combinations of ghosts with the pure ghost 
number equal to one is not allowed in the first-order deformation), such 
that the resulting selfinteractions among the fields with the mixed symmetry 
(3, 1) might modify at most the original gauge transformations or the free 
Lagrangian. 

For 1 = 1 the first-order deformation becomes 

o^ao + a*, (68) 
where the last component (7a* = 0) takes the generic form (see (1521) ) 

a\ = a, ( [tt uW ] , [KUU ) ^ WU) • (69) 

The invariant polynomial ol\ is linear in the antifields i^ A/i!/ ' Q and their deriva- 
tives (up to a finite order) since these are the only objects of antighost number 
equal to one from the BRST algebra, while 



U! 



1 = i^ua) • (70) 



We mentioned in the above (see the end of Section 13. 2j) that a necessary 
condition for the consistency of a* is that a\dPx is a non-trivial element 
of (S\d), which is infinite-dimensional. The impossible mission of com- 
puting Hf (5\d) can be avoided if we demand from the start the hypothesis 
on <2q to be of maximum derivative order equal to two. This assumption is 
particularly useful at this stage since it forbids the invariant polynomial a\ 
to depend on the curvature tensors or their space-time derivatives. 

Indeed, assuming that a.\ effectively depends on the curvature tensors, it fol- 
lows that the component from (1691) with the minimum number of derivatives 
will be linear in the undifferentiated antifields f^ u \ a : ( i n the undifferentiated 



curvature tensors, as well as in the elements (jTOj) . so it already contains three 
space-time derivatives. If consistent, it would produce an a\ of order four in 
the space-time derivatives of the fields. Therefore, we forbid the dependence 
on the curvature tensors and remain with 



_t _ lin 
a l = a lA 



,*\lii>\a 
B 



^Xiiua- (71) 



Moreover, the invariant polynomial or™ is further restricted not to depend on 
the derivatives of t*^ Q ' . This is because one can always move the derivatives 
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(by making an integration by parts) such as to act on T x ^ which provides 
purely trivial (7-exact) contributions to a\ (see f)46p ). which can be eliminated 
from the first-order deformation. 

The previous discussion allows us to state that the only eligible candidate 
to a\ is defined in D = 6 and reads 

t _ t(D=6) _ af3X^uX'fi'u' ,*A ( 70 \ 

Let us investigate the solutions in antighost number zero 

5a} D ~^ + joq = djm t . (73) 
In order to evaluate 5ai D ~ 6 \ we use the identity 

(1) A (2) B Q (l) A (2) B 

XlMvX'fl'v' Ct/3 rp rp _ u XftuX' l±! V Ct/3 rp rp (ja\ 

E AH" X'fi'u'13 ~ ~7 £ Ol a^/3|q J uX'h'v 1 K'^J 

(that takes place for any tensor T Xfll/ \ a completely antisymmetric in its first 



(2) B 



three indices and for any completely antisymmetric tensor T x , i v ,p) together 
with the first definition from ( fTTl) . After some computation, we obtain that 



K iD ^ = 7 pf (4 - D) s^'^'ti ipH d y (Wt^ y l/3 - tn*,, 

+d P f ~ C -f(4-D) e^'^%* {pla) d x , j>^ v|/3 - 9°^) , (75) 
where 

Comparing ( 1751) with ( 1731) . we observe that the existence of a^ D ~ 6 ^ requires 
that the last terms from the right-hand side of ( 1751) either vanish or reduce to 
a full divergence. It is clear from (1751) that they cannot reduce to a divergence, 
and therefore must be set equal to zero, which further implies 

cab = 0, (77) 

such that 

a! (D=6) = 0. (78) 
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Until now we showed that 

a\ = 0, (79) 

and hence the first-order deformation may contain at most terms of antighost 
number zero (1 = 0). The terms of antighost number one present in the so- 
lution to the master equation are known to control the gauge symmetries, 
such that (1791) expresses the fact that there are no consistent selfinter act ions 
in a collection of tensor fields t^ v ^ a that deform the original gauge transfor- 
mations, given in (Q. 

In this manner, we are left with a sole possibility, namely that the first- 
order deformation reduces to the deformed Lagrangian at order one in the 
coupling constant 

a t = Oo([3UJ). ( 8 °) 
and thus it is subject to the equation 

7a* = <9 M m t . (81) 

Proceeding along a line similar to that employed in [33], it can be shown that 
the solution to ( IHTI) is purely trivial 

4 ( K»\ J ) = 0. (82) 

Assembling the results expressed by ( )53l) . ( I6T1) . ( j67l) . ( J79l) . and ( l82l) . we can 
state that 

S 1 = 0, (83) 

such that we can also take 



S k = 0, k > 1. (84) 

Relations fl83|) - fl84|) emphasize the following main result of our paper: 
under the hypotheses of analyticity of deformations in the coupling constant, 
space-time locality, Lorentz covariance, Poincare invariance, and conserva- 
tion of the number of derivatives on each field, there are no consistent selfin- 
teractions in D > 5 for a collection of massless tensor fields with the mixed 
symmetry (3, 1). In other words, the presence of the collection brings nothing 
new if compared to the case of a single tensor field £aH q - 
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4 Selfinteractions for a collection of massless 
tensor fields with the mixed symmetry (2, 2) 

4.1 Free model: Lagrangian formulation and BRST 
symmetry 

The starting point is given by the Lagrangian action for a finite collection of 
free, massless tensor fields with the mixed symmetry of the Riemann tensor 
in D > 5 

~ (<Vr M ) (dpKJ - \ (d'rf) (d x rl p ) + (d v rf) {d\ a xp ) 
~\ (durf) {d?r a ) + i (d x r a ) (d x r a )^j d D x. (85) 

Like in the previous section, we employ the flat Minkowski metric of 'mostly 
plus' signature a^ u = = ( — h + + +•■■ ). The lowercase indices a, b, 
etc. stand for the collection indices and are assumed to take discrete values 
1, 2, . . ., n. They are lowered with a symmetric, constant and invertible 
matrix, of elements k a b, and are raised with the help of the elements k ab of its 
inverse. Each tensor field r a ^ a ^ exhibits the mixed symmetry of the Riemann 
tensor, so it is separately antisymmetric in the pairs {/i, z/} and {a,/?}, is 
symmetric under their permutation ({/i, u} < — > {a,j3}), and satisfies the 
identity r?^,^ = 0. The notations signify the traces of r® v , aj3 , = 
<y^ a ^ u \ a pi which are symmetric, r^g = r^ u , while r a represent their double 
traces , r a = a u ^r^g, which are scalars. Action (I8"5"|) admits a generating set 
of gauge transformations of the form 

where the gauge parameters £* v i a are bosonic tensors, with the mixed sym- 
metry (2,1). Just like in the case of a single (2,2) field [34|, the gauge 
transformations from (155]) are Abelian and off-shell, first-order reducible. 
Consequently, the Cauchy order of this linear gauge theory is equal to three. 

Related to the generators of the BRST algebra, the ghost spectrum con- 
tains the fermionic ghosts C^g^ associated with the gauge parameters and 
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the bosonic ghosts for ghosts C a corresponding to the first-order reducibility. 
Obviously, we will require that C^p^ preserve the mixed symmetry (2, 1) and 
the tensors C" remain antisymmetric. The antifield spectrum comprises the 

antifields rl^ a/3 associated with the original fields and those corresponding 
to the ghosts, Cl^ a and C*^ v . The antifields rT^ a/3 still have the mixed sym- 
metry (2,2), CT^ a the mixed symmetry (2, 1), and C*^ are antisymmetric. 
Related to the traces of r *X v ^ , we will use the notations r* a ul3 = o m rT v ^ 
and r* = cr^r*^. 

The BRST differential decomposes like in the previous section, as s = 
5 + 7, the corresponding degrees of the generators from the BRST complex 
being valued like 

Vgh(r a HaP )=0, Pgh {C a Ha ) = 1, pgh (<£,)= 2, 
pg h (r-r |a/3 ) = Pgh (C:H«) = pgh (CD = 0, 
agh {r a HaP ) = agh (C^ a ) = agh (<£,) = 0, 
agh(rr^)=i, a g h ( C *H«) =2 , agh (CD = 3. 

The actions of 5 and 7 on the generators from the BRST complex, which 
enforce the standard BRST properties, are given by 

7 C; Ha = 29 Q C;, - d { ,Cl ]a , 7^ = 0, (88) 
7r *H«/3 = , 7 C*H a = 0, 7 C*^ = 0, (89) 
6r» Hafl = 0, = 0, 5C; U = 0, (90) 

5r *H«/3 = iflH«0 SC* a ^ = -Ad^r*/ ula(S , = 3<9 a C a * Ha (91) 
In the above R^ afi is defined by dSydva^ 0113 = — (1/4) R^ a/3 and reads as 

--d x d p (a^a {rxp\ vp + r L|/?p) - °7i/3 { r \a\up + r L|ap) 
— O"i/o ( r A/3| W + r \p\(3p) + °"^/3 ( r Aa|^tp + r Xp,\ap)) 

-□ ((J^r^ - a^r a av - a ua r a ^ + (T^J 
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+d" (a, a (d p rl p + d v r%) - a,* (d Q r a up + d u r a ap ) 
{d p r; p + d^ p ) + a vP {d a r a pp + d p r a ap )) 

~2 i a w d P d v ~ °>/3<9cA ~ Ov a dpd p + a uP d a d p ) r a 

- {? m °w - cr p(3 a ua ) (d x d»r a Xp - ~Dr a j . (92) 

The solution to the classical master equation for the free model under study 
is given by 

S z = Sq [r pu \ a/3 ] + J (rj 1 ^ 01 ^ (d^Caf3\ u — dvCap\(t + daC pu \p — f^C*^) 

+Cr^(2d a C; u -d { ,C a u]a ))d D x. (93) 

4.2 Computation of basic cohomologies 

In order to analyze the local equation satisfied by the non-integrated density 
of the first-order deformation a v (Si = J a T d D x), written in local form and 
dual language, sa T = d^mlf, we proceed like in the previous section. We 
ensure the space-time locality of the deformations by working in the algebra 
of local differential forms with coefficients that are polynomial functions in 
the fields, ghosts, antifields, and their space-time derivatives (algebra of local 
forms) . This means that we assume the non-integrated density of the first- 
order deformation, a r , to be a polynomial function in all these variables 
(algebra of local functions). Next, we develop a r according to the antighost 
number and assume that this expansion contains a finite number of terms, 
with the maximum value of the antighost number equal to /. Due to the 
decomposition s = 5 + 7, this equation becomes equivalent to the chain 



ja} = <9 M m r , (94) 
(j— i)^ 

5a] + 7£i/__ 1 = <9 M m r , (95) 

K + 7^_! = dfm r t , J- 1 > fe > 1, (96) 

f{kf\ f(kf\ 

where I m r J are some local currents, with agh I m r 1 = k. Equation 



( l9~Ij) can be replaced in strictly positive values of the antighost number (see 
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[33] . Corollary 3.1) with 

7^ = 0, I > 0. (97) 

In conclusion, for / > we have that a} G (7). We maintain the consid- 
erations from the previous section on the uniqueness of a] and a 1 . 

Thus, in order to solve equations (1571) and (155|) - (1551) . it is necessary to 
compute the cohomology H* (7) in the algebra of local functions. Definitions 
(189|) and (187|) indicate that all the antifields 

^=(rrWcr |B .C F ) I ( 98 ) 

the curvature tensors 

+^A^r^, 7Q + a M ^r^| 7Q + 0„0/j7%,| 7a , (99) 

and all their space-time derivatives are non-trivial elements of if (7). The 
curvature tensors exhibit the mixed symmetry (3,3). Simple computation 
shows that H 1 (7) = and, moreover, 

H 2l+1 (7) = 0, I > 0. (100) 

By means of the last definition from (IHHj) . we find that the ghosts for ghosts, 
, are non-trivial objects from if* (7). Consequently, their space-time 
derivatives are also 7-closed. From the first relation present in (1551) it follows 
that 

d(»Cl )a ee 7 ■ (101) 

Formula ( 11011) emphasizes that the quantities are trivial in H* (7). 

Moreover, the objects d^C a VQ ^ are not 7-exact, and d^C®^ (for /x,u ^ a) be- 
long to the same equivalence class from if* (7) like <9[ M C" Q j, such that they will 
also be non-trivial representatives of H* (7). Meanwhile direct calculations 
produce the relations 

dad c% = ^7 (3 [d a c a MP + d e; ula ) + d^e a v] H/3) ) , (102) 

which show that all the space-time derivatives of the ghosts of order two 
or higher are trivial in H* (7) . In conclusion, the only non-trivial combina- 
tions from H* (7) built from the ghosts for ghosts are polynomials in C a and 
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d[^C a va y Since H° (7) is non-trivial, so far we proved that only the cohomo- 
logical spaces H 21 (7), with I > 0, are non-trivial. Therefore, equation fl971) 
possesses non-trivial solutions only for even values of I, I = 2J, where the 
general form of a r 2J is given by 

a) = a r 2J = a 2J ( [ X * A ] , fc A |^ 7 ] ) e 2J d [fl Cl a] ) , J > 0. (103) 

Notation x* A follows from (jHSD- The coefficients «/([x* A ], [F£ uX , a p ]) are 
nothing but the invariant polynomials (in form degree zero) of the theory 

flSSMBB). 

Substituting solution (I103p in equation (l§5"j) for I = 2 J and taking into 
consideration definitions (!H7|) - (l88l) . we obtain that a necessary condition for 
the existence of non-trivial solutions a r 2 j_i is that the invariant polynomials 
«2j present in f)103p generate non-trivial elements from the characteristic 
cohomology in antighost number 2J > computed in the algebra of local 
forms, Oi2jd D x G H 2 j (S\d). As the free model under consideration is a linear 
gauge theory of Cauchy order equal to three, the general results from the 
literature [36] establish that 

Hf? (5\d) =0, k > 3. (104) 

In addition, it can be shown that if the invariant polynomial with agh (aifc) = 
k > 3, defines a trivial element a^dPx G (S\d), then this element can be 
taken to be trivial also in H™ D (S\d). The above results ensure that 

Hl nvD (5\d) = 0, k > 3. (105) 

Using definitions fl9T|) . we find that the non-trivial, Poincare-invariant rep- 
resentatives of (iff ($\d)) k>2 and (H™ D are linearly generated by 
the following invariant polynomials: for k > 3 — there are none; for k = 3 - 
f^ u C*' Iu d D x; for k = 2 — f® ua CT^ a d D x. In the above the coefficients denoted 
by / stand for the components of some constant, non-derivative tensors. 

The previous results on Hf (8\d) and if} nvD (S\d) allow us to eliminate 
successively all the terms of antighost number strictly greater than two from 
the non-integrated density of the first-order deformation. The last represen- 
tative is of the form (11031) . where the invariant polynomials necessarily define 
non-trivial elements from if} nvZ) (S\d) if I = 2 or respectively from (S\d) 
if 1 = 1. 
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4.3 Cohomological analysis of selfinteractions 

In order to develop the general method of construction of consistent selfin- 
teractions that can be added to the free action fl85|) . subject to the gauge 
symmetry (IBS"]) , we initially solve equation (j4]), responsible for the first-order 
deformation, and then approach its consistency. We will work under the 
same hypotheses as before. The derivative order assumption restricts the in- 
teraction Lagrangian to contain only interaction vertices with maximum two 
space-time derivatives. Related to the non-integrated density of the first- 
order deformation, we have seen in the previous section that its component 
of highest antighost number, J, is constrained to satisfy the relation I = 2J 
(see the result expressed by (11 001) on H*(j)). On the other hand, results 
( 11041) and (11051) ensure that one can safely take J < 2. 

In view of this, the first non-trivial situation is described by / = 2 J = 
2 > 0, in which case we can write 

a T = a T + a\ + a r 2 , (106) 

where a| is the general, non-trivial solution to equation fl97|) . and hence, in 
agreement with formula fl 1 3 j) . has the expression 

4 = «2 ( [X* A ] , [F% MaPl ] ) e 2 {C; u , d { ,C a ua] ) . (107) 

The elements e 2 are spanned by C® u and d^C^i, and a 2 d D x is a non-trivial 
element from (S\d). Due to the fact that the general representative of 

H l 2 vD (S\d) is linear in the undifferentiated antifields C*"i a , we deduce that 

where f^ al3 ' 1 and f^ al3lX are some non-derivative, constant tensors. These 
constants cannot be simultaneously antisymmetric in the indices {/z, u, a} 
since the identity = o would lead to a\ = 0. The last restriction 

(combined with the requirement D > 5) produces 

fgcfr = = fgcfrX^ (1Q9) 

and hence 

a r 2 = 0, (110) 
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so the first-order deformation cannot end non-trivially at antighost number 
two. 

Due to the fact that the last representative a] from the first-order defor- 
mation is subject to the condition / = 2J, we are left only with the case 
1 = 

<* r = «5 ( m ) 
where a r Q satisfies equation (JM|) (J = 0, so equation fl94l is no longer equiva- 
lent to (J9ID) 

(o) M 

^al = d^m T . (112) 

Using a technique similar to that employed in [31] . we find that the general 
solution to the last equation reduces to a linear combination of double traces 
of the undifferentiated tensor fields , ^ (the analogue of the cosmological 
term for the Pauli-Fierz Lagrangian) 



a 



$^c a r a , (113) 

a=l 

with c a some real, arbitrary constants, such that 

n „ 



a=l " 

represents the most general expression of the first-order deformation of the 
solution to the master equation for a collection of massless tensor fields with 
the mixed symmetry (2,2). Moreover, this solution is already consistent to 
all orders in the coupling constant. Indeed, since (Si, Si) = 0, equation §5§ 
is satisfied with the choice 

S 2 = 0, (115) 

and similarly, all the higher-order equations are fulfilled for 

S 3 = S A = ... = 0. (116) 

Relations flll4p - flll6l) emphasize the following main result of our paper: 
under the hypotheses of analyticity of deformations in the coupling constant, 
space-time locality, Lorentz covariance, Poincare invariance, and conserva- 
tion of the number of derivatives on each field, there are no consistent selfin- 
teractions in D > 5 for a collection of massless tensor fields with the mixed 
symmetry of the Riemann tensor. The only terms that can be added to the 
free Lagrangian action are given by a sum of cosmological terms, whose ex- 
istence does not modify the original gauge transformations. 
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